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Abstract

We study a semiphenomenological model introduced by Alicki (2002 Phys.
Rev. A 65 034104), describing environmental decoherence by scattering of a
Brownian particle in a gas environment. For a slightly wider class of models,
we prove that the semigroup describing the dynamics of the Brownian particle
can be approximated by the reduced dynamics arising from a Hamiltonian
interaction between the particle and an infinite fermionic thermal gas reservoir,
provided the scattering process is isotropic.

PACS number: 03.65.Yz

1. Introduction

In the past 20 years environmental decoherence has been the subject of intensive theoretical and
by now also experimental research [1, 2]. It addresses the question why the objects surrounding
us obey the laws of classical physics, despite the fact that our most fundamental physical theory,
quantum theory, when directly applied to these objects, results in contradictions to what is
observed. This is an embarrassing situation, since on the other hand, quantum theory has
seen a remarkable success and an ever increasing range of applicability. Thus, the question
how to reconcile quantum theory with classical physics is a fundamental one, and efforts to
find answers to it persisted from the inception of quantum theory in the 1920s until today.
Although there is still no general consensus how an answer can be achieved, environmental
decoherence is the most promising one and the one most widely discussed.

The answer that the programme of environmental decoherence gives to the question
posed above is that quantum theory is also valid in the macroscopic domain, but that one has to
take into account the fact that macroscopic objects are usually strongly interacting with their
environment, which ultimately leads to a classical behaviour of the system. Thus, classicality
is a dynamically emergent phenomenon due to the interaction of quantum systems with other
quantum systems surrounding them.
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Of particular interest is the question why macroscopic objects always appear localized,
although the most fundamental principle of quantum theory, the superposition principle, allows
macroscopic objects to be in states with no well-defined position. In the simplest situation, the
macroscopic object considered is a massive Brownian particle with no further internal structure
which undergoes scattering with particles of a thermal gas environment; the observable
which becomes classical in this case is its centre-of-mass position. This situation has been
experimentally realized in matter wave interferometry with fullerene molecules, allowing the
observation of progressive decoherence which is due to scattering with background gases
[3]. A number of models have been devised to describe this situation [4—6]. They employ
scattering theory and some simplifying mathematical and physical assumptions, valid for
a certain range of parameters, to derive a Markovian reduced dynamics for the Brownian
particle. Another approach to the problem of obtaining a reduced Markovian dynamics is by
considering a Hamiltonian dynamics for the total system and doing a perturbative calculation,
i.e., performing a Markovian limit as is done at an abstract level in the general theory of
Markovian limits [7]. Such a derivation has been given in [6], however, not in a mathematically
rigorous fashion with an explicit proof of convergence of the reduced dynamics to a Markovian
one.

In this paper we prove, using a singular coupling limit, that the semiphenomenological
model describing localization of a Brownian particle given by Alicki [8] can be approximated
by the reduced dynamics arising from a Hamiltonian interaction between the particle and an
infinite fermionic thermal gas reservoir, the interaction being linear in the field operators of
the gas. We choose a fermionic gas because it admits bounded field operators and thus avoids
mathematical complications in dealing with unbounded operators, e.g., the self-adjointness of
the Hamiltonian and in the proof of theorem 3. The proof is performed for a slightly wider
class of models which contains Alicki’s as a member. Such a derivation is important since
it justifies the assumption of a Markovian time evolution of the Brownian particle, which
is used in many applications, e.g., to interpret experimental data. Moreover, by taking into
account the approximations made it may serve to identify the range of validity of Markovian
approximations.

The paper is organized as follows: in section 2 we present the general mathematical
framework and the class of models we shall work with. Section 3 gathers the necessary results
from the theory of Markovian limits. In section 4 we set up a Hamiltonian model and prove
that its reduced dynamics becomes Markovian in a singular coupling limit, and in section 5
we use this result to show that the dynamics described by a certain class of semigroups can be
approximated by the reduced dynamics of a Hamiltonian interaction.

2. General framework

Let G be a locally compact Hausdorff topological group with unit e, and %,(G) the o -algebra
of Baire sets in G. Let .#Z (G) be the set of all Baire measures, i.e., of all measures x on the
measurable space (G, %,(G)) for which u(K) < oo for all compact subsets K € G. Let
A °(G) denote the set of all bounded measures, .# ' (G) the set of all normalized (probability)
measures, and .#,(G) the set of all nonnegative measures in .#(G). The set of real-
valued continuous functions on G with compact support is denoted by %2 (G), we define
for w € A (G) and f € J#(G) a dual pairing by (u, f) = fG f du. The weak topology
on .7 (G) with respect to this pairing is called the vague topology. Let {i;};>0 € #'(G)
be a one-parameter family of Baire measures. It is called a one-parameter convolution
semigroup of Baire measures if u, * s = ;45 for all £, s > 0 where * denotes convolution,
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[0,00[ > t +— u, is continuous in the vague topology on .#(G), and po = 8., where 8,
denotes the Dirac measure of unit mass concentrated in g € G.

Let 7 be a Hilbert space and denote by .Z () the C*-algebra of all bounded
operators, by U(.%) the set of all unitary operators and by T(s¢’) the Banach space of
all trace class operators on .77, endowed with the trace norm ||-||;. Let {T;},»0 be a
family of bounded operators on T(7#). It is called a strongly continuous semigroup if
[0, 00[ 3 t > T;(p) € T(H) is continuous for all p € T(#) and if the semigroup property
holds: Ty = 1 and T;T; = T4 for all £, 5 > 0. A strongly continuous semigroup {7;},>0
on T(7) is called a quantum dynamical semigroup if it is completely positive and trace
preserving, i.e., tr[7;(p)] = tr[p] for all p € T(J) and t > 0. The time evolution of an
open quantum system is described by a quantum dynamical semigroup if it is Markovian, i.e.,
memory free.

In the following, we fix a strongly continuous unitary representation G > g — U(g) €
U(s?), i.e., the map g — U (g)y is continuous for all ¥ € 7, and U(gh) = U(g)U (h) for
all g, h € G. Then one can prove the following theorem [9].

Theorem 1. Let {i/}i>0 S A Y(G) be a one-parameter convolution semigroup of Baire
probability measures. If we define the operators T; by

T) 2 p>T(p) = / U(g)pU(g~") dui(g), 120, (D
G
then {T;};>0 is a quantum dynamical semigroup on T(J€).

Let w € .#"(G) and o > 0. Consider the family {u,};>0 of Baire probability measures
defined by

oo

t n
e=e "y @ t >0, 2)

n!
n=0

where 1" = [t % --- % u (n times) and u° = §,. The sum converges in the vague topology
and defines a one-parameter convolution semigroup [9], called the Poisson process on G. Let
{T7}:>0 be the associated quantum dynamical semigroup given by (1). It is easy to show that
it is of the form 7} (p) = e’ p with the bounded generator

Lp(p) =« /G(U(g)pU(g*I) —p)du(g), p € T(I). 3)

Semigroups with generators of the form (3) will be the subject of this paper. In particular, if
we take .7 = L2(R?) and if we choose G as the additive group of R*, the representation U
as U(k) = e ** where k € R> and £ is the position operator on ., and the measure 1 as
nX, which is the Lebesgue measure multiplied by a positive, continuous and integrable weight
function n : R? — R. ¢ such that ng n(k) dk = 1, then the generator (3) takes the form

Lp(p) =« / n(k) (e p et — p) dk, )
R3

which is the dissipative part of the generator of Alicki’s semiphenomenological model [8].
The total generator is then given by L(p) = —i[H, p]+Lp(p), where p € dom[H, -] C T(57)
and H = p*/2m + V(&) is the Hamiltonian of the Brownian particle in a potential V.

3. Markovian limits

If we consider the reduced dynamics of a quantum open system S interacting with its
environment E, we will find in general a non-Markovian behaviour of the system due to
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the presence of memory effects. However, in certain cases the reduced dynamics obtained by
tracing over the degrees of freedom of E may be approximated by a Markovian one in such
a way that the approximation becomes exact in a certain limit. This approximation may be
achieved by introducing an appropriate scaling parameter A in the total Hamiltonian H, of
the joint quantum system with Hilbert space .72” = J% ® 7%, and showing that the reduced
dynamics tends to a Markovian one (in an appropriate sense) if we take A — 0. We will
employ the singular coupling limit [10] and use the abstract framework of Markovian limits
introduced by Davies [11], see also [7].

Let X be a Banach space and Py a projection on X with || Py = 1, we put P, = 1 — Py
and define Xy = PpX and X; = P;X, so that X = Xp & X;. Suppose that we are given a
strongly continuous isometric one-parameter group {U, },cgr on X with generator Z and assume
that [U,, Py] = O for all r € R. We define Z; = P;Z = Z P; with domain dom Z; = dom Z
fori = 0, 1. Consequently we have Z = Z; + Z;. Let A be a bounded operator on X and put
Ajj = PiAP; fori, j =0, 1, we will assume that Agg = 0 throughout. We now introduce the
scaling appropriate for the singular coupling limit: let A > 0 and define the operator

Zy = Zo+ A "2Z +27A. ®)

Note that since A is bounded, by the bounded perturbation theorem Z, is the generator of a
group {UtA } g Of isometries on X, which describes in physical applications the dynamics of
the joint system; the reduced dynamics on X is given by {Po U’ PO} reg> Which is, in general,
not Markovian, i.e., not a semigroup. If one defines the operator K (X, ¢) on X by

A2t
KO, t)x = / e 7205 Aoy exp((Zy + AA11)s) Ajox ds, xeX, (6
0

one can prove the following approximation theorem, which is the basis for all further
developments.

Theorem 2. Suppose that for every ty = 0 there is a constant C > 0, such that if |A] < 1 we
have
sup [[K(A, 0] < C. (7
0<1<n
Furthermore, suppose there exists a bounded operator K € £ (Xo) such that for all x € X
we have
lim sup [[(K(A,1) — K)x| =0. (8)

A=00<r<1y
Then it follows that
lim sup || (Py exp((Zo + A2Z+ A TTAD) Py — exp((Zo + K)t)x| =0 )
—Y 0oLt

fOF all x € Xp.

For a proof of this theorem see [12]. It is similar to theorem 5.18 of [13], but with the difference
that it admits the weaker assumption (8), which can be verified in the singular coupling limit
even if Z; is unbounded (see also [10]). The operator K in the preceding theorem turns out to
be given by

o0 o0
K (x) =/ Aol eZ'fA]Oxdszf PyA e”'S A Pox ds, x €Xo. (10)
0 0

Note that the limit semigroup {exp((Zo + K))};>0 on Xp in (9) is indeed a semigroup by the
bounded perturbation theorem. Moreover, if X is a Banach algebra, exp((Zy + K)t) is positive,
since by (9) it is the strong limit of the positive reduced dynamics.
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4. Discrete model

We will now put the abstract framework of sections 2 and 3 to work and introduce a Hamiltonian
model which yields in the singular coupling limit a reduced dynamics whose dissipative part
is a discrete version of (3). We will use the notation of the previous sections.

Let J# be the Hilbert space of the Brownian particle with Hamiltonian Hg, its
configuration space is a locally compact Hausdorff topological group G. Its environment
consists of an infinite thermal gas of noninteracting fermions. We employ the algebraic
framework of quantum statistical mechanics [14] in which this system is described by the
algebra of the canonical anticommutation relations 2((h)) over the one-particle Hilbert space
h = L2(R?), generated by the bounded creation and annihilation operators ag(f),ae(f), f €
b, e.g., those of the Fock representation, which obey the canonical anticommutation relations.
Since the particles are noninteracting, their one-particle Hamiltonian is givenby H = —A on b,
inducing a time evolution given by a strongly continuous one-parameter group of Bogoliubov
transformations {7, };cr on 2A(h), defined by 7, (ap(f)) = ap(e? f). The thermal equilibrium
state is the unique KMS state w with respect to {7;};cr and inverse temperature 8 > 0, which
is quasi free and gauge invariant, and uniquely determined by its two-point function

—Bp’
w(ag(fap(g)) = (gle™ (1 +e )7 f) = / E /() —— dp, (1D
R3 1+epr

with f, g € h,and f, ¢ denote the Fourier transforms of f and g. Let : () —> £ (54) be
the GNS representation [14] of 2((h) on .77 with respect to @ with cyclic vector Q € 74, i.e.,
o(x) = (Qm(x)2) for all x € A(h). We write po = |2)(2] and (P) = (QPRQ) = tr[Ppg]
for operators @ on #%. By virtue of {t;};cr and m, the time evolution on J7f is given by
a strongly continuous unitary group {UF} . such that [UF, po] = 0 for all 7 € R, i.e., its
generator iHg satisfies Hg2 = 0. Since w is locally normal, 7% is separable. The Hilbert
space of the joint system is J# = . ® %, and the total free Hamiltonian is the essentially
self-adjoint operator Hy = Hs ® 1 + 1 ® Hg.

We now define a linear interaction between the system S and the environment E. It is
given by the bounded self-adjoint Hamilton operator

Hy = ch(U*(O(k)) ® a*(fi) + U(o (k) ® a(fi)). (12)
keM

Here U is a strongly continuous unitary representation of G on % as in section 2, { fi}kez
is a sequence of test functions in f to be defined below, M C Z is a subset such that k € M
implies —k € M and o : M — G is a map such that o (—k) = (o(k))~' forall k € M.
The sequence {ci}kem € R0 with ¢; = c_; ensures convergence of (12), we choose it such
that Y, ., ck < 0o and Y, ,, ¢t < oo. Note that U*(o(k)) = U(o(—k)). Finally, the
creation and annihilation operators a*( f), a(f) are those of the representation 7, acting on
. Interaction (12) couples U (o (k)) on 7% with the creation/annihilation operator a*( f;).
The total Hamiltonian of the joint system is the essentially self-adjoint operator Hy,, = Hy+ Hj.
To complete the description of our model, we still have to choose the sequence of test
functions { fi }xcz. We assume that || f;|| < 1 for all kK € Z, and we require that f; and f; have

disjoint energy spectra if k # £, that is (6 ¢ denotes the Kronecker symbol)

A _ R B

@A ar( i) = (@ a@" 1) = [ Flp) fop) o e dp = S0,
R3 + e~ PP

(13)

where we have used (11). Then it follows that for all k, £ € Z
Srehi(t) = (a* (faE™ fo), Sk ehi () = (a(fa* @ f),  (14)
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8. chi (1) = (a* @™ fa(fy), Skchi (1) = (@ foa*(f),  (15)

where hi (1) = (a*(fi)a(e ”H)> and 7 (t) = (a(fi)a*(€"? f)). Note that we have h(t) =
hx(—1). Moreover, h(t), b (t) are bounded functions, and & (¢), hx(r) = O ~>) under
suitable regula.rity assumptions e.g., fi € Z([R%. In the following, we will assume that
hy =h_jand by = h_ & by a suitable choice of the fi,e.g., fk(p) f «(—p) forall p € R3
and supp f t N supp f ¢ = @ if k # £. This choice of { f;}rcz, and of M and o takes account
of the isotropy of the scattering process.

We now make the connection to section 3. We take X = T(J¢°) and define the projection
of norm 1 Py = totrg, where ¢ : T(J%) —> T() with p — 1(p) = p ® pgq is the inclusion
of T(J%) in T(J) and trg : T(J) —> T(J45) is the partial trace with respect to E. Then
Xo = PoX = T(s%). We define the unbounded derivation Z = —i[Hj, -] and the bounded
derivation A = —i[H, -]. Because [UF, pa] = 0, it follows that [U,, P)] = 0 for all 1 € R,
remember that U, = e?'. Since (a*(f)) = 0forall f € b it follows that Agy = 0.

Next we calculate the explicit form of the operator K in (10). For all p € T(J%4), we have

K(p) = —/ Po[Hy, [Hi(s), p ® pellds, (16)
0

where Hi(s) = 'k Hy e isHe, Inserting (12) and remembering the definition of P, yields

K(p) = / Y e +U e U0 @) ptila*(fiaE™ f)pal

k.teM
+ U*(o (k)U (o (0)p trfa(f)a* € fr)pal
—U(o(k)pU* (o (0)) trla* (fo) paae"” fo)]
—U*(a(k)pU (o (0)) trla(f) paa* (€' f)]
—U(a(0)pU* (o (k) trla* (" f) paa( fi)]
—U*(0(0)pU (o (k) trla(e"” fo) paa*(fo)]
+pU (0 (0)U* (o (k) tr{paa* (€' foa( fi)]
+ pU* (0 (0)U (o (k) tr[pea(e"” fa*(fl} dt

by noting that trg[p; ® ®pq] = p; tr[®pq] for p; € T(I4) and & € L (). Using (14) and
(15) we arrive at

K(p) = Z cidi (U* (o (k) pU (o (k) — p), (17)
keM
where
di = /oo(h_k(t) + () + h_p () + e (1)) dt, ke M. (18)
0

Note that dy € R and d;, = d_ for all k € M. We assume that the sequence {dj}rep 1S
bounded (see below), in this case th_e series in (17) converges uniformly. Furthermore, for an
integrable function f with f(¢) = f(—t) we have

fmeixtf(t) dr = %f(x) +is(x), s(x) = Im/ooeixlf(t) dr, x e R, (19)
0 0

so that we can write dy = 2 Re [ h_(t)dt + 2Re [ hi (1) dt = h_4(0) + h(0). Since
hy and hy, are of positive type, i.e., Z” 1Zizjhi(tj —t;)) 2 O0forallz; € C,1; e R,i =

1,...,n,n € N, it follows by Bochner’s theorem that fzk(x), fzk(x) > 0 for all x € R, this



Alicki’s model of scattering-induced decoherence derived from Hamiltonian dynamics 8717

shows that d; > O for all k € M. If we put now n; = c,%dk > 0 for k € M, we can write the
generator of the semigroup {exp((Zo + K)t)};>0 in (9) as

L(p) = —ilHs, p] + Z ni(U* (o (k) pU (o (k) — p), p € dom[Hs, -], (20)
keM
with n, = n_; for all k € M. This generator determines the reduced Markovian dynamics of
our discrete model, obtained in the singular coupling limit.
Our next task is the verification of the assumptions (7) and (8) of theorem 2 to obtain the
convergence of the reduced dynamics to the semigroup generated by (20). To do so, we have
to put additional constraints on the sequence of test functions { fi }xcz-

Theorem 3. Assume that there exists an integrable function hon R, such that for all t;, t, € R
and all k, € € 7 we have

l(a* (€ fa® € f))l < h(ti — 1). (21)

Moreover, assume that there exists ¢ > 0 such that h satisfies

oo
/ |h(®)|(1 + 1) dr < oo. (22)
0
Then the assumptions (7) and (8) of theorem 2 are satisfied.

For a proof see [12]. The somewhat lengthy proof of theorem 3 follows—with minor changes
since interaction (12) is linear in the field operators—similar lines as that in [11], so we do not
reproduce it here. In the following, we will assume throughout that the test functions { fi }rcz
satisfy the assumptions (21) and (22) of theorem 3.

Corollary 1. With the notation and definitions as above it follows that
lim PoU} Pop = lim tri[exp((Zo + A2Zi+ 2T A D p @ pal =etp  (23)

uniformly on compact time intervals and for all p € T(J45), where L is given by (20).

Finally we note the following simple fact, which will be used in the next section. A
measure u € 4 (G) is called discrete if it is of the form p = Y !_, a;8,, with g1, ...,
g € G and ay,...,a, € R. Thus, we see that L in (20) can be written as L,(p) =
—i[Hs, p] + [ (U(g)pU(g™") — p)du(g) with a discrete measure o € .#.(G). By our
choice of M, o and the test functions this measure has the property that u(B) = u(7T(B))
for all B € %y(G), which we denote by u = o T, where T : G —> G is defined by
g+ T(g) = g~'; as mentioned before, this property expresses the isotropy of the scattering

process.

Corollary 2. Let u € 4. (G) be a discrete measure with u = w o T, i.e., of the form u =
ZkeM oy With a = 0,ar = a_y for all k € M, where M C 7Z and o are as
above. Let Hi(n) be the Hamiltonian defined by (12), i.e., Hy(n) = Y ;o ck(U*(0 (k) ®
a*(fi) + U(o(k)) ® a(fr)) with ¢, = Jai/dy. Let {P()Ut)‘(p,)Po}tE]R be the reduced
dynamics with respect to the interaction Hamiltonian Hi(u), i.e., we have U,A(u) =
exp((Zo + A72Z0+ A TA()1) and A(p) = —i[Hi(w), -1. Then it follows that

lim PoU; () Pop = e+ p, (24)
uniformly on compact time intervals and for all p € T(J4), and with

L,(p) = —i[Hs, p] + / (U(g)pU(g™") — p)dulg), p € dom[Hs, -]. (25)
G
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5. General case

We now generalize the considerations of the preceding section and show that models with
a reduced dynamics described by (20), with the sum replaced by an integral with respect to
a measure [ € ///f(G) which satisfies & = p o T, can be approximated by the reduced
dynamics of a Hamiltonian model with an interaction of the form (12). We start with two
lemmas.

Lemma 1. Let X be a Banach space and f : G —> X be a bounded and norm continuous
function. Assume that {it,; }nen < ///J}(G) is a sequence which converges to L € ///Jrl (G) in
the vague topology. Then || [, f du, — [, fdu| — 0asn — oo.

Proof. Let ¢ > 0. Since {11, }nen U {1t} is compact in both vague and weak topology, and G is
Hausdorff, it follows from théoreme 2, chapter IX, section 5 of [15] that there is a compact set
K C G such that u,(G\K), n(G\K) < ¢ forall n € N. From the corollary of proposition 9,
chapter I11, section 3 of [15] it follows that j > |, ¢ f du is continuous in the vague topology
on vaguely bounded sets, hence ” / xS, — / xS au || < ¢ for n sufficiently large. Therefore,

we have
o= o] <o 10
< e(1+2] flloo),

/G\de.un_/G\deM

and the lemma follows. O

+

Lemma 2. Let u € . (G) with u = o T. Then there is a sequence {ji,}nen S A (G) of
discrete measures with i, = [, o T, such that i, — @ as n — oo in the vague topology.

Proof. Since the discrete measures are dense in . (G) with respect to the vague topology,
there is a sequence {v,},en of discrete probability measures with v, — u vaguely. Define
Up = %(vn +v,0T). Then u, = pu, oT foralln € N, and ,, — w vaguely. O

Now let u € A, +1 (G)withpu = poT and @ > 0. We consider a Markovian time evolution
on T(J43) generated by

L.(p) = —i[Hs. p] + o / U)pU(s™) — p)dulg),  p € dom[Hs. -], 26)
G

describing an isotropic scattering process. We show that the semigroup generated by (26)
can be approximated by the reduced dynamics of a Hamiltonian model. According to
lemma 2 there is a sequence {14, },en C A, +1 (G) with i, = p, oT such that u,, — p vaguely.
For n fixed we consider the Hamiltonian Hj(u,) defined in corollary 2. From (24) we have,
for & > 0 and sufficiently small A, | PoU/ () Pop — e“m'p||, < & for all 7 in a compact
interval. Next we note that g — V,(p) = U(g)pU(g™") is norm continuous since V is a
weakly continuous representation of G on the Banach space T(.745). Therefore, it follows from
lemma 1 that L, (p) — L,(p) asn — oo forall p € dom L, = domL,, = dom[Hs, -],
which is dense in T(J%&), L, is given by (26). The Trotter—Kato theorem now implies
elmtp — elv'p for all p € T(JA) uniformly for ¢ in compact intervals. Thus,
llefut p —elrlp||y < e for n sufficiently large, and we have

| PoU} () Pop — e ol < || PoU; () Pop — &P | + lle™ ' o — ™ plly <26 (27)
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for all 7 in a compact interval, n sufficiently large and X sufficiently small. This proves the
following theorem.

Theorem 4. Let 1 € M, +1(G) be a measure with . = o T, and consider the generator L,
given by (26), describing an isotropic scattering process. Then for every ty > 0, p € T(J5)
and ¢ > 0, there exists a Hamiltonian Hy of the form (12), and o > 0 such that for the
reduced dynamics {POUZx PO}ie]R with respect to the interaction Hamiltonian H, i.e., with

U,k =e((Zo+27%Z + 17 1A)1), A = —i[H], -], we have
| PoU} Pop — "' p||| < e, for all € [0, fo] (28)
if 0 <A <A

In particular, this theorem shows that the semigroup of Alicki’s model, generated by (4), can
be approximated by the reduced dynamics of a Hamiltonian interaction between the system
S and environment E, provided the scattering process is isotropic, i.e., n(k) = n(|k|) for all
k € R?. In this case it follows that i = nA satisfies & = p o T, and theorem 4 applies.
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